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Abstract
In this paper we investigate the distributional Chébli–Trimèche transforms. We use the so-called
kernel method and we are inspired by the papers of Dube and Pandey [L.S. Dube, J.N. Pandey, On
the Hankel transform of distributions, Tôhoku Math. J. 27 (1975) 337–354] and Koh and Zemanian
[E.L. Koh, A.H. Zemanian, The complex Hankel and I-transformations of generalized functions,
SIAM J. Appl. Math. 16 (1968) 945–957] about distributional Hankel transforms. We note that our
procedure, supported in a representation of the elements in the corresponding dual spaces, is simpler
than the methods described in the above mentioned papers. Some applications of our distributional
theory are presented.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Chébli–Trimèche transforms can be seen as generalized Fourier transforms associated
with certain hypergroups defined on (0,∞) related to some Cauchy problems (see, for
instance, [8,16,17]).
✩ Partially supported by PI 2003/068, Gobierno de Canarias, Consejería de Educación, Cultura y Deportes.
* Corresponding author.
E-mail addresses: jbetanco@ull.es (J.J. Betancor), jdiego@ull.es (J.D. Betancor), jmendez@ull.es
(J.M.R. Méndez).0022-247X/$ – see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.04.079
538 J.J. Betancor et al. / J. Math. Anal. Appl. 313 (2006) 537–550We now recall the main definitions about Chébli–Trimèche setting that will be very
useful in the sequel.
We consider the differential operator of second order ∆ defined by
∆ = − d
2
dx2
− A
′(x)
A(x)
d
dx
= − 1
A(x)
d
dx
(
A(x)
d
dx
)
,
where the function A is continuous function on [0,∞), differentiable on (0,∞), and sat-
isfies the following conditions [7]:
(i) A(0) = 0 and A(x) > 0, x > 0;
(ii) A is increasing and unbounded;
(iii) A′(x)/A(x) = (2α + 1)/x + B(x), x ∈ (0, δ), for some δ > 0, and where α > −1/2
and B is an odd C∞-function on R;
(iv) A′(x)/A(x) is a decreasing C∞-function on (0,∞). Then there exists
ρ = 1
2
lim
x→+∞
A′(x)
A(x)
 0.
Usually a function A satisfying the above properties is called a Chébli–Trimèche function.
We also assume that A verifies the following property:
(v) There exist η,x0 > 0 such that, for every x  x0,
A′(x)
A(x)
=
{
2ρ + e−ηxC(x), if ρ > 0,
2α+1
x
+ e−ηxC(x), if ρ = 0,
where C is a C∞-function such that dkC/dxk is bounded on [0,∞), for every k ∈ N.
We denote, for every λ ∈ C, by ψλ the solution of the Cauchy problem
∆u = (λ2 + ρ2)u on (0,∞), u(0) = 1, u′(0) = 0. (1.1)
The main properties of ψλ, λ ∈ C, can by found in [7,16].
The Chébli–Trimèche transform F associated with ∆ is defined by
F(f )(λ) =
∞∫
0
ψλ(y)f (y)A(y)dy, λ ∈ R,
where, for instance, f is in the Lebesgue space L1((0,∞),A(x)dx). For F a Riemann–
Lebesgue lemma holds and the inverse F−1 of F is formally given by
F−1(g)(x) =
∞∫
0
ψλ(x)g(λ)
dλ
|c(λ)|2 , x ∈ (0,∞),
where c(λ) is continuous on [0,∞) and zero free on ]0,∞). In this setting, c(λ) can be seen
as a Harish-Chandra function. A Plancherel type result for F holds [6, Theorem 2.2.13].
Moreover, the Chébli–Trimèche transform was investigated in Schwartz function spaces
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distributional F transform and its convolution operation [2–5].
We note that the Hankel [13] and Jacobi [12] transforms appear as special cases of
Chébli–Trimèche transforms [16]. The Jacobi transform, for suitable choices of the in-
volved parameters, is just the spherical transform on rank 1 noncompact Riemannian
symmetric spaces [10].
In this paper we define the distributional F transform by using the kernel method in-
spired in the ideas of Dube and Pandey [9] and Koh and Zemanian [11]. We obtain a
representation of the elements of the corresponding dual spaces that allows us to get an
explicit form for the distributional F transform. This paper can be seen as a continuation
of [2]. However, we develop here a new idea, supported by the above mentioned repre-
sentation for the elements of the dual space, that leads us to obtain easier proofs of the
main properties of the distributional Chébli–Trimèche transform, in contrast with the proof
for the corresponding properties for the distributional Hankel transforms presented in [9]
and [11] and for the distributional Chébli–Trimèche transform established in [2]. Our pro-
cedure also works in other settings (see, for instance, distributional integral transforms
defined in [18]). Finally, as applications of our distributional theory we solve new Dirich-
let problems involving the operator ∆ and under distributional boundary conditions.
Throughout this paper by C we always denote a suitable positive constant that can be
changed from a line to another one.
2. The spacesHχ of functions and their dual
Assume that χ is a continuous function and zero free on [0,∞) such that χ(x) =
o(x−3), as x → ∞. We define the function space Hχ as follows. An even C∞-function
φ on R is in Hχ if and only if for every m ∈ N,
αm(φ) = sup
x∈(0,∞)
∣∣χ(x)∆mφ(x)∣∣< ∞.
Note that if φ is an even C∞-function on R then, for all m ∈ N, ∆mφ is well defined. The
spaceHχ is endowed with the topology associated with the family {αm}m∈N of seminorms.
Dube and Pandey [9], Koh and Zemanian [11] and Zemanian [18], amongst others, con-
sidered function spaces similar to Hχ in their investigations about distributional integral
transforms.
Proposition 2.1. Hχ is a Fréchet space. Moreover, the topology ofHχ is stronger than the
one induced in it by C∞(0,∞).
Proof. To see these properties we can proceed as in [18, Lemma 6.3-1]. 
If χ is decreasing on [0,∞) then, by proceeding like in the proof of [2, Proposition 2.1],
we can see that the topology ofHχ is also generated by the family of seminorms {qm}m∈N,
where, for every m ∈ N,
qm(φ) = sup
∣∣∣∣χ(x) dmdxm φ(x)
∣∣∣∣, φ ∈Hχ .
x∈(0,∞)
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space Sp that is defined as follows. Let 0 < p  2. A function φ ∈ C∞(0,∞) is in Sp
if and only if there exists an even function ϕ ∈ C∞(R) such that φ = ϕ on (0,∞), and, for
every k, l ∈ N,
µ
p
k,l(φ) = sup
x∈(0,∞)
(1 + x)lψ0(x)−2/p
∣∣∣∣ dkdxk φ(x)
∣∣∣∣< ∞.
Sp is equipped with the topology generated by the family {µpk,l}k,l∈N of seminorms. The
topology of Sp is also associated to the system {γ pk,l}k,l∈N of seminorms, where
γ
p
k,l(φ) = sup
x∈(0,∞)
(1 + x)lψ0(x)−2/p
∣∣∆kφ(x)∣∣,
for every k, l ∈ N and φ ∈ Sp . Moreover, φ ∈ Sp if and only if there exists an even function
ϕ ∈ C∞(R) such that φ = ϕ on (0,∞), and γ pk,l(φ) < ∞, k, l ∈ N. The space Sp coincides
when ρ = 0 with the space Seven constituted by the even functions being in the Schwartz
space S . Moreover, in [7] the image under the transformation F of Sp was characterized
when ρ > 0 as a spaceQp of analytic functions. The dual space of Sp is represented by S ′p .
According to [7, Lemma 3.4(iii)], for every 0 < p  2, the space Sp is continuously
contained in Hχ . Then, the space D∗ constituted by all those even and C∞ functions on R
having compact support [16] is contained in Hχ . The dual space of D∗ is denoted by D′∗.
The dual space of Hχ is represented by H′χ . If µ is a complex regular Borel measure
on [0,∞) (in particular, µ is bounded) and k ∈ N, then the functional T defined on Hχ by
〈T ,φ〉 =
∞∫
0
χ(x)∆kφ(x)dµ(x), φ ∈Hχ ,
is in H′χ . In particular, if f is a measurable function on (0,∞) such that
∞∫
0
∣∣∣∣f (x)χ(x)
∣∣∣∣A(x)dx < ∞,
then, the functional Lf defined on Hχ through
〈Lf ,φ〉 =
∞∫
0
φ(x)f (x)A(x)dx, φ ∈Hχ , (2.1)
is in H′χ .
In the following we establish a representation of the restriction to D∗ of the elements of
H′χ that will be very important in the sequel. To prove this one, we proceed by using, in a
standard way (see [1,9,15], amongst others), the Hahn–Banach and the Riesz representa-
tion theorems.
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complex regular Borel measures µ0,µ1, . . . ,µr on [0,∞) such that
〈T ,φ〉 =
r∑
k=0
∞∫
0
χ(x)∆kφ(x)dµk(x), φ ∈D∗. (2.2)
Proof. Assume that T ∈H′χ . Then, there exist C > 0 and r ∈ N for which∣∣〈T ,φ〉∣∣ C max
0kr
αk(φ), φ ∈Hχ . (2.3)
We define the mappings J and S as follows:
J :D∗ → J (D∗) ⊂
r∏
k=0
Mk, J (φ) = (χ(x)∆kφ(x))r
k=0, φ ∈D∗,
where, for every k = 0,1, . . . , r , Mk = C0([0,∞)), the space of continuous functions on
[0,∞) vanishing in infinity, and
S :J (D∗) ⊂
r∏
k=0
Mk → C, S((χ(x)∆kφ(x))r
k=0
)= 〈T ,φ〉, φ ∈D∗.
Note that the mapping J is one-to-one. Then, the mapping S is well defined. Moreover,
by (2.3), S is continuous when we consider on J (D∗) the topology induced in it by the
product topology of
∏r
k=0 Mk and on C0([0,∞)) the usual topology defined by the supre-
mum norm. Hence, the Hahn–Banach theorem allows us to extend S to whole
∏r
k=0 Mk as
an element of (
∏r
k=0 Mk)′, the dual space
∏r
k=0 Mk . Then, according to the Riesz rep-
resentation theorem [14, Theorem 6.19], we can find complex Borel regular measures
µ0,µ1, . . . ,µr on [0,∞] such that the representation (2.2) holds. 
A property that will be very useful in the sequel is that the measures µk , k = 0, . . . r ,
appearing in the representation (2.2) have finite total variation [14, Theorem 6.4]. Then
the right-hand side of (2.2) defines an element of H′χ . However, since in general D∗ is not
dense in Hχ , the right-hand side of (2.2) does not agree with T for every φ ∈Hχ .
Because Sp , 0 < p  2, is continuously contained inHχ , if T ∈H′χ then the restriction
of T to Sp is in S ′p , 0 < p  2.
3. Distributional Chébli–Trimèche transforms
In this section, where the main results will be established, we study the distributional
Chébli–Trimèche transforms on H′χ .
Firstly we prove that the kernel of the F transform is in the closure of D∗ in Hχ .
Proposition 3.1. Let λ ∈ C where |Imλ| ρ. Then ψλ is in the closure of D∗ in Hχ .
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αm(ψλ) = sup
x∈(0,∞)
∣∣χ(x)∆mψλ(x)∣∣

(|λ|2 + ρ2)m sup
x∈(0,∞)
∣∣χ(x)ψλ(x)∣∣
 C
(|λ|2 + ρ2)m sup
x∈(0,∞)
∣∣χ(x)∣∣(1 + x)e(|Imλ|−ρ)x < ∞.
Hence ψλ ∈Hχ .
We now consider a function ϕ ∈D∗ such that ϕ(x) = 1, |x| 1, and φ(x) = 0, |x| 2,
and we define, for every n ∈ N, ϕn(x) = ϕ(x/n), x ∈ R. It is clear that ψλϕn ∈D∗. We are
going to see that ψλφn → ψλ, as n → ∞, in Hχ . According to [7, Lemma 4.18(iii)], there
exist δ,C > 0 such that, for every n,m ∈ N,
∣∣∆m(ψλϕn − ψλ)(x)∣∣
 C
2m∑
i=1
∣∣∣∣ didxi
(
ψλ(x)ϕn(x) − ψλ(x)
)∣∣∣∣
 C
( 2m∑
i=1
i∑
j=1
∣∣∣∣ di−jdxi−j
(
ϕn(x)
) dj
dxj
(
ψλ(x)
)∣∣∣∣+ ∣∣ψλ(x)ϕn(x) − ψλ(x)∣∣
)
, x  δ.
Now, by [7, Lemma 3.6] (by considering λ ∈ C), we obtain that, for every n,m ∈ N,∣∣χ(x)∆m(ψλ(x)ϕn(x) − ψλ(x))∣∣ C∣∣χ(x)∣∣(1 + x)3e(|Imλ|−ρ|)x, x  δ.
Then, if ε > 0 and m ∈ N there exists x0 > 0 for which∣∣χ(x)∆m(ψλ(x)ϕn(x) − ψλ(x))∣∣ ε, x  x0 and n ∈ N.
Moreover, it is clear that if n x0, then
χ(x)∆m
(
ψλ(x)ϕn(x) − ψλ(x)
)= 0, x ∈ (0, x0).
Thus we conclude that αm(ψλϕn − ψλ) → 0, as n → ∞, for every m ∈ N. 
Let T ∈ H′χ . According to Proposition 3.1 we define the Chébli–Trimèche transform
FT of T through
(FT )(λ) = 〈T ,ψλ〉, |Imλ| ρ.
By Proposition 2.2, there exist r ∈ N and complex regular Borel measures µ0,µ1, . . . ,µr
on [0,∞) such that
〈T ,φ〉 =
r∑
k=0
∞∫
χ(x)∆kφ(x)dµk(x), φ ∈D∗. (3.1)0
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the closure of D∗ in Hχ ,
〈T ,φ〉 =
r∑
k=0
∞∫
0
χ(x)∆kφ(x)dµk(x).
Hence, by (1.1) and Proposition 3.1, we can write
(FT )(λ) = 〈T (x),ψλ(x)〉
=
r∑
k=0
∞∫
0
χ(x)∆kψλ(x) dµk(x)
=
r∑
k=0
(
λ2 + ρ2)k
∞∫
0
χ(x)ψλ(x) dµk(x), |Imλ| ρ. (3.2)
The representation (3.2) will play a central role in the proof of properties of the distribu-
tional Chébli–Trimèche transform on H′χ . Indeed, by using representation (3.2) we obtain
proofs of these properties that are easier that the corresponding properties of the distribu-
tional Hankel transform established in [9,11], where Riemann-sums techniques were often
used, and the ones concerning to distributional Chébli–Trimèche transform proved in [2]
(see, for instance, the proofs of boundedness and smoothness for the distributional trans-
forms).
We now establish the main properties of the distributional Chébli–Trimèche transform
on H′χ .
Proposition 3.2. Let T ∈H′χ . There exist l ∈ N and C > 0 such that∣∣F(T )(λ)∣∣ C(1 + |λ|2)l , |Imλ| ρ.
Proof. By invoking (3.2), for certain complex regular Borel measures µ0,µ1, . . . ,µr on
[0,∞), where r ∈ N, we can write
F(T )(λ) =
r∑
k=0
(
λ2 + ρ2)k
∞∫
0
χ(x)ψλ(x) dµk(x), |Imλ| ρ.
Hence, according to [7, Lemma 3.4], we get
∣∣F(T )(λ)∣∣ r∑
k=0
∣∣λ2 + ρ2∣∣k
∞∫
0
∣∣χ(x)∣∣e(|Imλ|−ρ)x d|µk|(x)
 C
(
1 + |λ|2)r , |Imλ| ρ.
Here |µk| denotes the total variation of measure µk , k = 0,1, . . . , r . 
544 J.J. Betancor et al. / J. Math. Anal. Appl. 313 (2006) 537–550Proposition 3.3. Let T ∈H′χ . If ρ > 0 then,F(T ) is a holomorphic function on |Imλ| < ρ.
Moreover, if l ∈ N, F(T ) is l-times continuously differentiable on |Imλ| ρ provided that
χ(x) = O(x−1−l ), as x → ∞.
Proof. According to Proposition 2.2 (see the proof of Proposition 3.2) it is sufficient to
prove the property when
〈T ,φ〉 =
∞∫
0
χ(x)∆kφ(x)dµ(x), φ ∈D∗,
where k ∈ N and µ is a complex regular Borel measure on [0,∞). Then
F(T )(λ) = (λ2 + ρ2)k
∞∫
0
χ(x)ψλ(x) dµ(x), |Imλ| ρ.
Suppose now ρ > 0. By [7, Lemma 3.4(iv)], we can differentiate under the integral sign
and we can write
d
dλ
F(T )(λ) = 2λk(λ2 + ρ2)k−1
∞∫
0
χ(x)ψλ(x) dµ(x)
+ (λ2 + ρ2)k
∞∫
0
χ(x)
∂
∂λ
ψλ(x) dµ(x), |Imλ| < ρ.
Hence F(T ) is holomorphic in the strip |Imλ| < ρ.
If ρ  0 and χ(x) = O(x−1−l ), as x → ∞, where l ∈ N, to see that F(T ) is l-times
continuously differentiable it is sufficient to see that the differentiation l-times under the
integral sign is, by [7, Lemma 3.4(iv)], justified. 
As it was mentioned in [7, Theorem 4.27], Bloom and Xu characterized the image of the
spaces Sp , 0 < p  2, under the Chébli–Trimèche transform. We will write Qp =F(Sp),
0 < p  2. We need recall the definition of Qp , 0 < p  2. Let 0 < p  2. We denote
by Fp the strip
Fp =
{
λ ∈ C: |Imλ| ρ(−1 + 2/p)}.
A function Φ defined in Fp is in Qp , if and only if
(i) Φ is even and holomorphic in the interior of Fp , and such that dkΦ/dλk can be con-
tinuously extended to Fp , for every k ∈ N;
(ii) for every l, k ∈ N,
τ
p
k,l(Φ) = sup
λ∈Fp
(
1 + |λ|l)∣∣∣∣ dkdλk Φ(λ)
∣∣∣∣< ∞.
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those even and C∞-functions on R such that (ii) is satisfied, that is, Fp = Seven. The dual
space of Qp is denoted by Q′p . Note that if F is a measurable function on (0,∞) such that
|F(x)|C(1 + xl), x ∈ (0,∞), for some C > 0 and l ∈ N, then F defines an element LF
of Q′p by
〈LF ,Φ〉 =
∞∫
0
F(x)Φ(x)
dx
|c(x)|2 , Φ ∈Qp. (3.3)
Indeed, that LF is linear is clear and that LF is continuous follows from the boundedness
property of F and by [7, (i), p. 92].
The Chébli–Trimèche transform can be defined on the corresponding dual spaces S ′p
and Q′p by transposition, that is, if T ∈ S ′p then the Chébli–Trimèche transform F ′(T )
of T is the element of Q′p defined by〈F ′(T ),Φ〉= 〈T ,F−1(Φ)〉, Φ ∈Qp, (3.4)
where F−1 denotes the inverse of F and it is given by
F−1(Φ)(x) =
∞∫
0
ψλ(x)Φ(λ)
dλ
|c(λ)|2 , x ∈ (0,∞) and Φ ∈Qp.
If T ∈H′χ , then the restriction of T to Sp is in S ′p , 0 < p  2. Then we can define the
distributional Chébli–Trimèche transform F ′(T ) of T on Qp , 0 < p  2, by (3.4). In the
following, we prove that F ′(T ) and F(T ) coincides as elements of Q′p , 0 < p  2, where
we understand F(T ) defining a functional in Q′p by (3.3).
Proposition 3.4. Let 0 < p  2 and T ∈H′χ . Then F(T ) defines an element ofQ′p accord-
ing to (3.3). Moreover, for every Φ ∈Qp ,
〈LF(T ),Φ〉 =
〈
T ,F−1(Φ)〉.
Proof. Proposition 3.2 implies that F(T ) defines an element LF(T ) of Q′p by (3.3). Then,
we can write
〈LF(T ),Φ〉 =
∞∫
0
F(T )(x)Φ(x) dx|c(x)|2 .
According to Proposition 2.2 it is sufficient to consider T defined on D∗ by
〈T ,φ〉 =
∞∫
0
χ(x)∆kφ(x)dµ(x), φ ∈D∗,
where k ∈ N and µ is a complex regular Borel measure on [0,∞). Then
F(T )(λ) = (λ2 + ρ2)k
∞∫
χ(x)ψλ(x) dµ(x), |Imλ| ρ.0
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〈LF(T ),Φ〉 =
∞∫
0
Φ(λ)
(
λ2 + ρ2)k
∞∫
0
χ(x)ψλ(x) dµ(x)
dλ
|c(λ)|2
=
∞∫
0
χ(x)∆k
∞∫
0
Φ(λ)ψλ(x)
dλ
|c(λ)|2 dµ(x)
=
∞∫
0
χ(x)∆kF−1(Φ)(x) dµ(x)
= 〈T ,F−1(Φ)〉, Φ ∈Qp.
The interchange in the order of integration is justified by [7, Lemma 3.4 and (i), p. 92] and
the properties of χ and Φ ∈Qp . 
We now prove an inversion formula for the distributional Chébli–Trimèche transform.
Proposition 3.5. Let T ∈H′χ . We define, for every r > 0,
Tr(x) =
r∫
0
F(T )(λ)ψλ(x) dλ|c(λ)|2 , x ∈ (0,∞).
Then, 〈LTr , φ〉 → 〈T ,φ〉, as r → ∞, for every φ ∈D∗.
Proof. Suppose that
〈T ,φ〉 =
∞∫
0
χ(x)∆kφ(x)dµ(x), φ ∈D∗,
where k ∈ N and µ is a complex regular Borel measure on [0,∞). Then
F(T )(λ) = (λ2 + ρ2)k
∞∫
0
χ(x)ψλ(x) dµ(x), |Imλ| ρ.
Note that, according to [7, Lemma 3.4], for every r > 0, Tr is a bounded function on R
and Tr defines the element LTr of D′∗ by (2.1).
Hence, by interchanging the order of integration, we get
〈LTr ,φ〉 =
∞∫
0
Tr(x)φ(x)A(x)dx
=
∞∫
φ(x)
r∫ (
λ2 + ρ2)k
∞∫
χ(y)ψλ(y) dµ(y)ψλ(x)
dλ
|c(λ)|2 A(x)dx
0 0 0
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∞∫
0
χ(y)
r∫
0
(
λ2 + ρ2)k
∞∫
0
ψλ(x)φ(x)A(x)dx ψλ(y)
dλ
|c(λ)|2 dµ(y)
=
∞∫
0
χ(y)
r∫
0
∞∫
0
ψλ(x)∆
kφ(x)A(x)dx ψλ(y)
dλ
|c(λ)|2 dµ(y)
=
∞∫
0
χ(y)
r∫
0
ψλ(y)F
(
∆kφ
)
(λ)
dλ
|c(λ)|2 dµ(y), r > 0 and φ ∈D∗.
Moreover, by [7, (i), p. 92], since F(∆kφ) ∈Qp , for every φ ∈D∗, we have that
lim
r→∞
r∫
0
ψλ(y)F
(
∆kφ
)
(λ)
dλ
|c(λ)|2 = ∆
kφ(y), φ ∈D∗,
uniformly in y ∈ (0,∞). Then we conclude that
lim
r→∞〈LTr ,φ〉 =
∞∫
0
χ(x)∆kφ(x)dµ(x) = 〈T ,φ〉, φ ∈D∗. 
4. Applications
This last section is devoted to present some applications of our distributional Chébli–
Trimèche transform to solving differential equations involving the operator ∆.
Next a useful operational rule for distributional Chébli–Trimèche transform F is es-
tablished. As usual, the operator ∆ is defined on the dual space H′χ by transposition, that
is,
〈∆T,φ〉 = 〈T ,∆φ〉, T ∈H′χ and φ ∈Hχ .
The operator ∆ is continuous from Hχ into itself. Then, ∆ is also continuous from H′χ
into itself. According to (1.1) we can obtain that, for every T ∈H′χ ,
F(∆T )(λ) = (λ2 + ρ2)F(T )(λ). (4.1)
We now analyze a Dirichlet problem for the operator ∆ having a distributional boundary
condition. Our objective is to find a solution u ∈H′χ of the partial differential equation(−∆x + ∂2t )u(x, t) = 0 (4.2)
satisfying, for some 0 < p  1, the following boundary conditions:
(i) limt→0 u(x, t) = T (x), in the sense of convergence in S ′p , for certain T ∈H′χ ;
(ii) limt→∞ u(x, t) = 0, uniformly in x ∈ (0,∞);
(iii) limx→∞ u(x, t) = 0, for every t ∈ (0,∞); and
(iv) there exists, for every t ∈ (0,∞), limx→0 u(x, t).
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obtained satisfies the Eq. (4.2) and the boundary conditions (i)–(iv).
By (4.1), if u ∈H′χ satisfies (4.2), then
−(λ2 + ρ2)U(λ, t) + ∂2t U(λ, t) = 0,
where U(λ, t) =F(u(x, t) :x → λ). Hence, for every λ ∈ (0,∞), we have
U(λ, t) = A(λ)e−
√
λ2+ρ2t + B(λ)e
√
λ2+ρ2t , t ∈ (0,∞).
From (ii) it deduces that B(λ) = 0, λ ∈ (0,∞). Also, (i) leads to
A(λ) =F(T )(λ), λ ∈ (0,∞).
Then, we conclude that
U(λ, t) =F(T )(λ)e−
√
λ2+ρ2t , λ, t ∈ (0,∞).
Now we define the function u on (0,∞) × (0,∞) by
u(x, t) =
∞∫
0
ψλ(x)U(λ, t)
dλ
|c(λ)|2 , x, t ∈ (0,∞).
Note that, since |ψλ(x)|C(1+x)e−ρx , λ,x ∈ (0,∞) [7, Lemma 3.4] and |c(λ)|−2 ∼
λ2α+1, as λ → ∞ [7, (i), p. 92], Proposition 3.2 implies that the last integral is absolutely
convergent, and that∣∣u(x, t)∣∣ C(1 + x)e−ρ(x−t/√2), x, t ∈ (0,∞).
Hence, by using [7, (3.5), p. 93] we deduce that, for each t ∈ (0,∞), u(., t) defines an
element of S ′p , that we will continue denoting by u, through
〈
u(x, t), φ(x)
〉=
∞∫
0
u(x, t)φ(x)A(x)dx, φ ∈ Sp.
According to Proposition 3.4, we can write
〈
u(x, t), φ(x)
〉=
∞∫
0
U(λ, t)F(φ)(λ) dλ|c(λ)|2 , φ ∈ Sp.
Let φ ∈ Sp . Note that, |U(λ, t)| C|F(T )(λ)|, t, λ ∈ (0,∞). Then, by using again Propo-
sition 3.2 and [7, (i), p. 92], we deduce that the function∣∣F(T )(λ)∣∣F(φ)(λ) 1|c(λ)|2 ∈ L1(0,∞).
Then, dominated convergence theorem leads to
lim
t→0
〈
u(x, t), φ(x)
〉=
∞∫
F(T )(λ)F(φ)(λ) dλ|c(λ)|2 .0
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lim
t→0
〈
u(x, t), φ(x)
〉= 〈T ,φ〉.
Thus (i) is established.
By [7, Lemma 3.4] we obtain, for every t > 1 and δ > 0,
∣∣u(x, t)∣∣Ce−ρx
∞∫
0
∣∣F(T )(λ)∣∣e−√λ2+ρ2t dλ|c(λ)|2
C
( δ∫
0
∣∣F(T )(λ)∣∣e−λt dλ|c(λ)|2 + e−δ(t−1)
∞∫
δ
∣∣F(T )(λ)∣∣e−λ dλ|c(λ)|2
)
.
Then, according to Proposition 3.2 and [7, (i), p. 92] we deduce that
lim
t→∞u(x, t) = 0,
uniformly in x ∈ (0,∞), and boundary condition (ii) holds.
To see that u satisfies (iii), we need previously to establish the following result that is a
Riemann–Lebesgue type lemma for the inverse of the Chébli–Trimèche transform.
Lemma 4.1. If Φ ∈ L1((0,∞), dλ/|c(λ)|2), then
lim
x→∞
∞∫
0
ψλ(x)Φ(λ)
dλ
|c(λ)|2 = 0.
Proof. Assume that Φ ∈ Q2. According to [7, Proposition 4.24], F−1(Φ) ∈ S2. Hence
limx→∞F−1(Φ)(x) = 0. On the other hand, since |ψλ(x)|  1, x,λ ∈ (0,∞), F−1 de-
fines a continuous linear mapping from L1((0,∞), dλ/|c(λ)|2) into L∞(0,∞). Then,
since D∗ is a dense subspace of L1((0,∞), dλ/|c(λ)|2) and D∗ is contained in Q2, we
conclude that the desired result holds. 
Now, since U(. , t) ∈ L1((0,∞), dλ/|c(λ)|2), for every t ∈ (0,∞), Lemma 4.1 allows
us to deduce that u satisfies (iii).
Finally, by invoking again dominated convergence theorem it follows that
lim
x→0u(x, t) =
∞∫
0
U(λ, t)
dλ
|c(λ)|2 , t ∈ (0,∞).
Thus we conclude that the function u is a solution for our Dirichlet problem.
To finish we note that by proceeding as in [2] or [9] we can solve distributional differ-
ential equations of the type
P(∆)T = S, (4.3)
where P is a polynomial, S ∈H′χ is prescribed and T ∈H′χ is unknown. To solve (4.3),
we use the distributional Chébli–Trimèche transform that we have studied.
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